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Perfect extensions of
de Morgan algebras
Abstract. An algebra A is called a perfect extension of its subalgebra B if every
congruence of B has a unique extension to A, a terminology used by Blyth and Varlet
[1994]. An another terminology saying in such case that A is a congruence-preserving
extension of B was, in case of lattices, used by Gra¨tzer and Wehrung [1999].
Not many investigations of this concept have been carried out so far. The present
authors in their another recent study faced a question when a de Morgan algebra M is
perfect extension of its Boolean subalgebra B(M), which is a so-called skeleton of M. In
this note a full solution to this interesting problem is given. Theory of natural dualities
in the sense of Davey and Werner [1983] and Clark and Davey [1998] as well as Boolean
product representations are used as main tools to obtain the solution.
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1. Introduction
Blyth and Varlet introduced MS-algebras abstracting de Morgan and Stone
algebras in [2] (see also [3]). In [1] we presented, for a special class of
MS-algebras, an analogy of Gra¨tzer’s problem [8, Problem 57], which was
formulated for distributive p-algebras. Compared to the solution for the
distributive p-algebras by Katrinˇa´k in [10], we provided in [1] a much simpler,
though not very descriptive solution, and a short and elegant proof of it.
That is why we then considered in [1] an analogy of the Gra¨tzer’s problem in
a special case when the MS-algebra L we investigated was a perfect extension
of its greatest Stone subalgebra. This case was subsequently reduced to the
property that a de Morgan subalgebra M of L was a perfect extension of its
Boolean skeleton B(M).
The description of general de Morgan algebras M which are perfect ex-
tensions of their Boolean subalgebras B(M) turns out to be an interesting
problem in its own right of which answer has been unknown. In this paper
we give a satisfactory solution to this problem. We show that a de Morgan
algebra M is a perfect extension of its Boolean skeleton B(M) if and only if
M is a Boolean product of copies of the four-element subdirectly irreducible
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de Morgan algebra and its three- and two-element subalgebras, and that this
is equivalent to a simple and nice condition on the natural dual space of M.
2. Preliminaries
By a de Morgan-Stone algebra or briefly an MS-algebra is meant an algebra
L = (L;∨,∧,
◦
, 0, 1) of type (2, 2, 1, 0, 0) where (L;∨,∧, 0, 1) is a bounded
distributive lattice and
◦
is a unary operation such that for all x, y ∈ L,
x ≤ x
◦◦
, (x ∧ y)
◦
= x
◦
∨ y
◦
, 1
◦
= 0.
An important subvariety of MS-algebras is that of de Morgan algebras
that satisfy the additional identity x = x
◦◦
. For a de Morgan algebra L its
skeleton is the Boolean subalgebra B(L) = {x ∈ L | x ∨ x
◦
= 1}.
We also mention that another distinguished subvarieties of MS-algebras
are those of Kleene algebras which are de Morgan algebras satisfying the
identity (x∧x
◦
)∨y∨y
◦
= y∨y
◦
, the subvariety of Stone algebras characterized
by the identity x∧x
◦
= 0 and the subvariety of Boolean algebras determined
by the identity x ∨ x
◦
= 1.
It is also appropriate to recall here some other concepts. An algebra
A satisfies the Congruence Extension Property (briefly (CEP)) if for every
subalgebra B of A and every congruence θ of B, θ extends to a congruence
of A. An algebra A is said to be a perfect extension of its subalgebra B, if
every congruence of B has a unique extension to A (see [3, page 30]). We
notice that in the literature such A is also called a congruence-preserving
extension of B: we refer to a paper by Gra¨tzer and Wehrung [9] where this
concept is used in case of lattices. Of course, if A is a perfect extension of B,
then the congruence lattices Con(A) of A and Con(B) of B are isomorphic.
The classes of distributive lattices and of MS-algebras are known to sat-
isfy the (CEP) [8], [3]. However, very little seems to be known when in
these or other classes of algebras, an algebra A is a perfect extension of its
subalgebra B. In [9], Gra¨tzer and Wehrung proved that every lattice with
more than one element has a proper congruence-preserving extension. In [1]
we showed that a so-called principal MS-algebra L is a perfect extension of
its greatest Stone subalgebra LS = {x ∈ L | x
◦
∨ x
◦◦
= 1} if and only if the
de Morgan subalgebra L
◦◦
= {x ∈ L | x = x
◦◦
} of L is a perfect extension
of its Boolean skeleton B(L).
This leads to a natural question when a de Morgan algebra M is a perfect
extension of its Boolean skeleton B(M), which will be addressed in the next
section.
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3. Problem of perfect extensions for de Morgan algebras
In this section we focus on the problem of describing those de Morgan alge-
bras M which are perfect extensions of their Boolean subalgebras B(M):
Problem. Describe de Morgan algebras M which are perfect extensions of
their Boolean skeletons B(M).
An answer to this problem has been unknown. The main result of our
paper is a satisfactory solution to this problem. We characterize de Morgan
algebras that are perfect extensions of their Boolean skeletons both alge-
braically and via dual spaces. For the latter we find it convenient to employ
the theory of natural dualities as described in [7] and [5].
It is well known that the variety of de Morgan algebras is equal to
ISP(M1), where M1 is the four-element subdirectly irreducible de Morgan
algebra, and I, S and P denote the well-known operators of isomorphic
copies, subalgebras and products, respectively (for example, see [5, 4.3.15]).
In the natural duality for the variety ISP(M1) based on M1, the dual spaces
X = (X,4, f, τ) are the usual Priestley spaces (X,4, τ) endowed with an
order-reversing homeomorphism f of order 2 [6]. Every de Morgan algebra
is isomorphic to the set of all morphisms from its dual space X into the
schizophrenic object (or the alter ego of the algebra M1) which is the struc-
ture M
∼ 1
= ({0, a, b, 1};4, f, τ) (see [5, Theorem 3.16]). It is the ordered
set ({0, a, b, 1};4) with a and b being the top and the bottom elements,
respectively, and the two atoms 0, 1 (see Figure 1), the homeomorphism f
is defined by f(0) = 0, f(1) = 1, f(a) = b, f(b) = a, and τ is the discrete
topology. The set of morphisms inherits the de Morgan algebra structure
from the power algebra MX1 .
M1
0 = 1◦
b = b◦a = a◦
1 = 0◦
M
∼ 1
b
10
a
Figure 1. De Morgan algebra M1 and its alter ego.
In our characterization we also use the concept of a Boolean product
(see [4]). A Boolean product of an indexed family (Ay)y∈Y of algebras, for a
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non-empty set Y , is a subdirect product A ≤ Πy∈Y Ay, where the set Y can
be endowed with a Boolean space topology so that
(i) the set E(a, b) = {y ∈ Y | a(y) = b(y)} is clopen for every a, b ∈ A;
(ii) if a, b ∈ A and K ⊆ Y is clopen, then a ↾ K ∪ b ↾ (Y \K) ∈ A.
Theorem 3.1. Let M be a de Morgan algebra. The following are equivalent:
(1) M is a perfect extension of its Boolean skeleton B(M).
(2) M is a Boolean product of copies of M1 and its subalgebras {0, a, 1} and
{0, 1}.
(3) In the dual space X of M, x 4 y implies x = y or x = f(y) for all
x, y ∈ X.
Proof. (2)=⇒(1) Let M ≤ Πy∈Y Ay be a Boolean product, where each
Ay is equal to M1 or {0, a, 1} or {0, 1}. The elements of M have the form
u = (u(y))y∈Y . The skeleton B(M) consists exactly of those elements of M,
whose every coordinate is 0 or 1. For every clopen set N ⊆ Y we define
sN (y) =
{
0 if y ∈ N,
1 if y /∈ N.
Because of the patchwork property, we have sN ∈ M for every N . Clearly,
sN ∈ B(M), so let tN denote its complement. We need to prove that every
congruence of M is determined by its restriction to B(M).
For every u, v ∈ M , the set E(u, v) = {y ∈ Y | u(y) = v(y)} is clopen.
Considering the cases v = 0 and v = 1 we obtain that the sets {y ∈ Y |
u(y) = 0}, {y ∈ Y | u(y) = 1}, and consequently, {y ∈ Y | u(y) ∈ {a, b}}
are clopen.
Let θ ∈ Con(M). We claim that
(u, v) ∈ θ if and only if (0, sE(u∧v,u∨v)) ∈ θ.
It suffices to show it for u ≤ v. Consider the sets
J :={y ∈ Y | u(y) = 0, v(y) = 1},
K :={y ∈ Y | u(y) = 0, v(y) ∈ {a, b}},
L :={y ∈ Y | u(y) ∈ {a, b}, v(y) = 1}.
These sets are clopen and J ∪ K ∪ L is the complement of E(u, v), so it
follows tJ∪K∪L = sE(u,v).
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Assume that (u, v) ∈ θ. Then (0, tJ ) = (u ∧ tJ , v ∧ tJ) ∈ θ. Further,
u∧tK = 0, so (0, v∧tK) ∈ θ, which implies that (1, v
◦∨t◦K) ∈ θ. Intersecting
with tK we obtain that (tK , (v
◦ ∨ t◦K) ∧ tK) = (tK , v
◦ ∧ tK) ∈ θ. Clearly,
v◦ ∧ tK = v ∧ tK , the transitivity of θ yields (0, tK) ∈ θ. Similarly, (u ∧
tL, v ∧ tL) = (u ∧ tL, tL) ∈ θ, which implies (u
◦ ∨ t◦L, t
◦
L) ∈ θ. Intersecting
with tL and using u
◦ ∧ tL = u∧ tL we obtain that (0, u ∧ tL) ∈ θ, hence also
(0, tL) ∈ θ. Consequently, (0, sE(u,v)) = (0, tJ ∨ tK ∨ tL) ∈ θ.
Conversely, let (0, sE(u,v)) ∈ θ. It is easy to see that (0 ∨ u) ∧ w and
(sE(u,v) ∨ u) ∧ v = v. Hence (u, v) ∈ θ.
(1)=⇒(3) Assume that M is equal to the set of all morphisms from the
dual space X intoM
∼ 1
and that (3) is not satisfied. Hence, we have x 4 y such
that x 6= y and x 6= f(y). Then {x, f(x)} and {y, f(y)} are distinct closed
substructures of X, so they determine distinct congruences on M, namely
α = {(ϕ,ψ) ∈M2 | ϕ ↾ {x, f(x)} = ψ ↾ {x, f(x)}},
β = {(ϕ,ψ) ∈M2 | ϕ ↾ {y, f(y)} = ψ ↾ {y, f(y)}}.
We claim that α and β coincide on B(M). Take morphisms ϕ,ψ ∈ B(M),
hence we have for their ranges rng(ϕ), rng(ψ) ⊆ {0, 1}. Since the maps ϕ,ψ
preserve 4, we must have ϕ(x) = ϕ(y) and ψ(x) = ψ(y). They also commute
with f , so ϕ(f(x)) = ϕ(f(y)) and ψ(f(x)) = ψ(f(y)). Now, (ϕ,ψ) ∈ α
implies ϕ(x) = ψ(x), hence ϕ(y) = ψ(y) and also ϕ(f(y)) = ψ(f(y)), which
means that (ϕ,ψ) ∈ β. This proves that M is not a perfect extension of
B(M).
(3)=⇒(2) As in the previous part, assume that M is equal to the set
of all morphisms from the dual space X into M
∼ 1
, but this time let (3) be
satisfied. Choose a subset Y ⊆ X satisfying the following conditions:
(a) every x ∈ X with f(x) = x belongs to Y ;
(b) if x 6= f(x), then exactly one of these two elements belongs to Y and
f(x) ≺ x implies x ∈ Y .
The set M ′ := {ϕ ↾ Y | ϕ ∈ M} gives clearly a subalgebra of MY1 .
In fact, it is a subdirect product of algebras Ay, y ∈ Y , such that Ay =
{0, 1} if f(y) = y, Ay = {0, a, 1} if f(y) ≺ y, and Ay = M1 if y and f(y)
are incomparable. Obviously, the assignment ϕ 7→ ϕ ↾ Y is a surjective
homomorphism M→M′. It is also injective: if ϕ 6= ψ, then ϕ(x) 6= ψ(x) for
some x ∈ X. If x /∈ Y , then f(x) ∈ Y and ϕ(f(x)) = f(ϕ(x)) 6= f(ψ(x)) =
ψ(f(x)), as f is a bijection. Hence, M is isomorphic to M′ and we will prove
that M′ is a Boolean product.
6 M. Plosˇcˇica and M. Haviar
We define a topology on Y by the rule that Z ⊆ Y is open if and only
if Z ∪ f(Z) is open in X˜. It is not difficult to check that this indeed defines
a topology on Y . (But notice that Y is not a topological subspace of X.)
Moreover, from
(Y \ Z) ∪ f(Y \ Z) = X \ (Z ∪ f(Z)),
we obtain that Z ⊆ Y is closed (clopen) if and only if Z ∪ f(Z) is closed
(clopen) in X. Let us check that the space Y is Boolean. Let x, y ∈ Y ,
x 6= y. Then also x 6= f(y), as either f(y) = y or f(y) /∈ Y . There
exists a clopen set U ⊆ X with x ∈ X and y, f(y) /∈ U . Since f is a
topological homeomorphism, the sets f(U) and U ∪ f(U) are also clopen.
Clearly, y, f(y) /∈ f(U). Let V := Y ∩ (U ∪ f(U)). Then x ∈ V , y /∈ V
and the set V is clopen in Y because V ∪ f(V ) = U ∪ f(U). So, every two
points of Y can be separated by a clopen set. To check the compactness of
Y, let {Zi | i ∈ I} be an open cover of Y. Then {Zi ∪ f(Zi) | i ∈ I} is
an open cover of X. Since this space is compact, there exists a finite subset
I0 ⊆ I such that {Zi∪ f(Zi) | i ∈ I0} covers X. Then it is easy to check that
{Zi | i ∈ I0} covers Y.
So, the space Y is Boolean. It remains to check the conditions from
the definition of the Boolean product. First the equalizers. Let ϕ,ψ ∈ M
and K = {y ∈ Y | ϕ(y) = ψ(y)}. We claim that K ∪ f(K) = {x ∈ X |
ϕ(x) = ψ(x)}. Indeed, if x = f(y) for some y ∈ K, then ϕ(x) = ϕ(f(y)) =
f(ϕ(y)) = f(ψ(y)) = ψ(f(y)) = ψ(x). Conversely, if ϕ(x) = ψ(x), then
x ∈ Y (and hence x ∈ K) or f(x) ∈ Y (hence f(x) ∈ K and x ∈ f(K)).
The set {x ∈ X | ϕ(x) = ψ(x)} is clopen in X, because it is a union of sets
{x ∈ X | ϕ(x) = c} ∩ {x ∈ X | ψ(x) = c} for c ∈ {0, 1, a, b}. (And these sets
are clopen because ϕ and ψ are continuous.) By the definition of topology
on Y , the set K is clopen in Y.
Now let K ⊆ Y be clopen in Y and ϕ,ψ ∈ M . Then the set K ∪ f(K)
is clopen in X. We define ρ : X →M1 as follows:
ρ(x) =
{
ϕ(x) if x ∈ K ∪ f(K),
ψ(x) if x /∈ K ∪ f(K).
Since both K ∪ f(K) and its complement are clopen, closed under f , and
any pair x ∈ K ∪ f(K), y /∈ K ∪ f(K) is 4-incomparable, the mapping ρ is
a morphism, hence ρ ∈M . Clearly, ρ coincides with ϕ on K and with ψ on
Y \K.
For finite Y, the Boolean products are usual direct products, so we have
the following result as an immediate consequence:
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Theorem 3.2. A finite de Morgan algebra M is a perfect extension of B(M)
if and only if it is a direct product of finitely many copies of {0, 1}, {0, a, 1}
and M1.
We finally give a simple example of an infinite de Morgan algebra M
which is not a perfect extension of its Boolean subalgebra B(M).
Example 3.3. Let M ′ := {0} ∪ Z ∪ {1}, where Z = {..,−2,−1, 0, 1, 2, ..} is
the set of all integers. Define ◦ on M ′ by 0
◦
= 1, x◦ = −x for all x ∈ Z
and 1
◦
= 0. Clearly, M′ is a de Morgan algebra with its Boolean subalgebra
B(M′) = {0, 1} being simple. It is easy to see that Con(M′) contains an
infinite chain of congruences
θx := △M ′ ∪ ([−x, x] ∩ Z)
2
for all positive integers x ∈ Z+ where [−x, x]∩Z = {−x, . . . ,−1, 0, 1, . . . , x}
is the finite sequence of integers bounded by −x and x.
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